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1 Introduction

Human being can feel the rhythm in signals. For ex-
ample, when he listens to a music, he can ride on the
rhythm. When he practices playing a rhythmic pattern,
he tries to follow the instructed rhythm. During this
practice, he can get a skill to play the rhythm uncon-
sciously. These facts can be explained by assuming the
existence of an oscillatory network which receives rhyth-
mic inputs and changes the structure of the network so as
to generate the rhythmic pattern. Furthermore, oscilla-
tory components have been reported in many systems in
living bodies[1, 2]. Taking these facts into consideration,
we discuss learning methods to learn an externally ap-
plied rhythmic signal by oscillatory networks. In section
2, a learning rule is proposed when each component oscil-
lator receives a teacher signal with a desired frequency
and phase. In section 3, an oscillatory network model
which learns an arbitrary periodic signal is proposed.

2 Forcing Oscillation Method

In this section, we propose a learning rule for an oscil-
latory network when a teacher signal is given to each
oscillator.

Consider collective oscillators with unidirectional mul-
tiple coupling (Fig.1), the dynamics is assumed to be

θ̇i = ωi + ε
∑

k∈Gi

∑

l

wl
kiR(θi −ψl

ki, θk) + εfF (θi, θ̃i), (1)

where θi and ωi are the phase and the intrinsic frequency
of ith oscillator, respectively, θ̃i(t) = Ωit+ θ̃i(0) and Ωi

are the phase and the frequency of a teacher signal to
ith oscillator, respectively, ψl

ij and wl
ij are the constant

phase delay and the strength of each coupling, respec-
tively, Gi is the ensemble of the index of coupled oscilla-
tors, R(θi, θj) ≡ P (θi)Q(θj) and F (θi, θ̃i) ≡ P (θi)Qf (θ̃i)
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Fig.1. The unidirectional coupling between oscillators. An
arrow is composed of several phase delayed connections.

show the effect of a coupled oscillator and of a teacher
signal, respectively, P (θi) is the phase shift caused by

an external signal, Q(θi) and Qf (θ̃i) represent an output
signal from a component oscillator and a teacher signal,
respectively, and ε and εf (ε

∑

k,l w
l
ki � 1, εf � 1) are

positive constant values indicating the strength of the
effect from coupled oscillators and the teacher signal, re-
spectively. If the dynamics of an oscillator is expressed
by Hopf normal form and the attraction to the limit cy-
cle is strong, P (θ) = sin(θ − ψ) (ψ: constant) holds.
If Ωi = niΩ ( ni : integer ) and |ωi − Ωi| = O(ε),
eq.(1) is transformed to the following form by redefin-

ing (ωi, θi, θ̃i) → (niωi, niθi, niθ̃i) and applying average
theorem,

θ̇i = ωi + ε
∑

k,l

wl
kiR̄

l
ki + εf F̄i, (2)

where R̄l
ki ≡ R̄(φki − ψl

ki), F̄i ≡ F̄ (φ̃i), R̄ (or F̄ ) is the

correlation function between P (θ) and Q(θ) (or Qf (θ̃)),

φki ≡ θk − θi, θ̃i(t) = Ωt + θ̃i(0), and φ̃i ≡ θ̃i − θi. By
changing the parameters, ωi and wl

ki, we want to obtain

φ̃i = 0 in the learning phase and to recall the phase
relation φi ≡ θi+1 − θi = θ̃i+1 − θ̃i with the frequency Ω
after learning. For this purpose, we propose a dynamics
of parameters as the form,

ω̇i = ε(εf F̄i + ε
∑

k,l

wl
kiR̄

l
ki)

ẇn
ji = ε(εf F̄i − γε

∑

k,l

wl
kiR̄

l
ki)R̄

n
ji,

where ε > 0 and γ > −1 are constant values determining
the learning rate. The change of the intrinsic frequency is
caused by the total effect of input signals and the change
of the coupling strength is given by the correlation be-
tween the effects of the teacher signal and of the coupled
oscillator when γ = 0. The convergence to the desired
phase relation φ̃i = 0 in learning phase and the recall of
the teacher signal after learning are guaranteed except

the possibility to stay at unstable points [3], if (1)
˙̃
φi ' 0

is satisfied, i.e., the difference between ωi and Ω is not

so large, (2) ∀i = 2, ..., N,
∑

k,l

(

R(φki − ψl
ki)

)2
6= 0, (3)

φ̇i = ε
∑

k,l w
l
kiR(φki − ψl

ki) (i = 1, ..., N) has only one

stable solution, (4) F (φ) and sinφ have the same sign,
and (5) ∀i = 2, ..., N, ∀φ0

ki ∈ {φki|
∑

k,l w
l
kiR(φki−ψ

l
ki) =

0},
∣

∣

∣

∑

k,l w
l
kiR

′(φ0
ki − ψl

ki)
∣

∣

∣
> |F ′(0)|.

Figure 2 shows the result of a simulation for two os-
cillators. The appropriate parameters are obtained in
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learning phase and fast recovery to the learned phase
relation is observed in recalling phase.

3 Oscillatory Network

We propose an oscillatory network which learns a peri-
odic signal. The network model is composed of a layer of
mutually coupled oscillators and an output cell (Fig.3).
The output cell receives signals Qo(θ) from oscillators
and outputs the sum of a linear combination of the sig-
nals, i.e., the output y is given by y =

∑

i,l g
l
iQo(θi−ψ

l
i),

where ψl
i and gl

i are the phase delay and the weight of
each connection, respectively. In learning phase, all os-
cillators receive a desired rhythmic pattern Qf (t), i.e.,

Fi = P (θi)Qf (t) instead of F (θi, θ̃i) in eq.(1), and the
intrinsic frequencies of component oscillators and con-
nections between them are changed according to the pro-
posed learning rule in section 2. Furthermore, connec-
tions from each oscillator to the output cell are mod-

1.0

er
ro

r

0

time  [s]
0 20 40 60 80 100

Fig.2. The error during and after learning. The error is de-

fined by the form E =
∑

2

i=1
sin2 π(θ̃i − θi)/2 during learning

and E = sin2 π(φ − φ̃) after learning, where φ = θ2 − 2θ1
and φ̃ = θ̃2 − 2θ̃1. After learning, the simulation is started
again from random phases (indicated by an arrow). Func-

tions: P (θ) = sin 2πθ, Q(θ) = (cos 2πθ+cos 4πθ)/2, Qf (θ̃) =

− cos 2πθ̃, τ2 ˙̄R
l

= −R̄l + P (θ2 − ψl)Q(θ1), τi
˙̄F i = −F̄i +

P (θi)Qf (θ̃i), τi = τ/ωi(t), R̄
l(0) = 0, F̄i(0) = 0, (i = 1, 2).

Parameters: (Ω1,Ω2) = (0.7, 1.4) [Hz], (ψ1, ψ2) = (0, 0.2),
ε = 0.3, τ = 3.0, γ = 1.0. Initial condition : (θ1, θ2) =

(0.3, 0.0), (θ̃1, θ̃2) = (0.8, 0.7), (w1, w2) = (0.3, 0.3)t, ωi = 1.0
[Hz]. If t ≤ t0, (ε, εf ) = (0.05, 0.5) else (1.0, 0.2), where t0 ≡

mint{L(t) ≤ 0.2}, τ L̇(t) = −L(t) +
∑

2

i=1
sin2 π(θ̃i − θi)/2,

L(0) = 1.0.
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Fig.3. The structure of the proposed oscillator network.

ulated so as to minimize the square error between the
output of the network and the teacher signal, i.e.,

ġk
i = −ε

∂E

∂gk
i

= −ε(y −Qf )Qo(θi − ψk
i ). (3)

The simulation result is shown in Fig.4. The output of
the network converges to the desired signal in learning
phase and the desired signal is recalled after learning
from random initial phases of oscillators.

4 Discussion

We proposed a learning method for an oscillatory net-
work. The proposed learning rule for oscillators takes a
simple form like Hebbian rule and does not need the back
propagation of the error and the derivative of a function
but only requires local information.

References

[1] A. H. Cohen, S. Rossignol, and S. Grillner, editors.
Neural control of rhythmic movements in vertebrates.
John Wiley and Sons, 1988.

[2] S. Grillner. Neurobiological bases of rhythmic motor
acts in vertebrates. Science, 228:143–149, Apr 1985.

[3] J. Nishii and R. Suzuki. Learning models of rhythmic
pattern by coupled oscillators (in Japanese). Tech
Rep of IEICE, NLP93-54:47–54, 1993.

  y

Qf

Time [s]0 10

(a)

  y

Qf

Time [s]490 500

(b)

  y

Qf

Time [s]500 510

(c)

  y

Qf

Time [s]700 710

(d)

0

1

-1

0

1

-1

Fig.4. The output of the oscillator-network during and af-
ter learning. y is the output of the network and Qf is
the teacher signal. (a)(b) In learning phase. (c)(d) In
recalling phase. The arrow indicates the time when the
learning is stopped and the network begin to recall the de-
sired signal from random initial phases. During learning,
weight values are normalized as

∑

jl
|wl

ji| = constant. Func-

tions: Qf (t) = (cos 2π(t+ 0.2) + (cos 4πt+ cos 6πt)/2) /2,
Q(θ) = (cos 2πθ + cos 4πθ + cos 6πθ)/3, Qo(θ) = cos 2πθ,
P (θ) = sin 2πθ. F̄i and R̄l

ki are calculated by the same man-
ner in Fig.2. Parameters: ε, τ , γ, ψi are the same as those in
Fig.2. If t ≤ t0, (ε, εf ) = (0.2, 0.5)ωi else (1.0, 0.1)ωi, where

t0 ≡ mint{L(t) ≤ 0.001}, τ L̇(t) = −L(t) + (Qf (t) − y(t))2,
L(0) = 1.0. Initial condition: wk

ji = 0.5/2(N − 1), gk
i = 0.
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